Synchronization in a bidirectionally coupled system with a finite time-delay in coupling is studied using Josephson junction as a model system. Using the LyapunovKrasovskii method a sufficient condition for the stability of synchronization is obtained and it is found to be independent of the time-delay. The sum of the Lyapunov exponents transverse to the synchronization manifold is evaluated. Numerical simulations show that the system attains periodic nature for low values of time-delay and becomes chaotic as time-delay is increased while synchronization remains unaffected in the parameter range considered. A phase difference among the applied fields along with a time-delay takes the system from chaotic motion to periodic motion while the effect of frequency detuning on the system remain unchanged by time-delay.
Introduction
Since Pecora and Carroll [1] reported the synchronization of chaotic systems, different types of synchronization such as complete, generalized and phase synchronization of chaotic oscillators have been described theoretically and observed experimentally [2, 3] . The stability of synchronous state is analyzed by Lyapunov function method [4] and the master stability approach [5] . Timedelay is ubiquitous in physical, chemical and biological systems due to finite Email addresses: rchitra@cusat.ac.in (Chitra R Nayak), vck@cusat.ac.in (V C Kuriakose).
transmission times, switching speeds and memory effects. Time-delayed systems are interesting because the dimension of the chaotic dynamics can be made arbitrarily large by increasing the time-delay and hence find applications in secure communications. Anticipatory, lag, projective and phase synchronizations have been reported in time-delay systems [6, 7, 8] . However the addition of a time delay considerably complicates stability analysis. The condition for stability of synchronization for unidirectionally coupled piece-wise linear time delayed system can be obtained using the Lyapunov-Krasovskii method [9, 10] . Most of the chaos based communication techniques use synchronization in unidirectional drive response system. A limitation which arises in this case is that messages can be sent only in one direction. Thus for a two way transmission of signals a bidirectional coupling is required.
Since the work done by Belykh, Pederson and Soerenson on chaotic dynamics in Josephson junction (JJ) [11, 12] , a great deal of investigations have been carried out as it is an interesting candidate in the field of non linear dynamics. A detailed review of chaos in JJ can be found in [13] . Intermittent synchronization has been reported in bidirectionally coupled chaotic Josephson junction [14] . Chaos synchronization in coupled JJ using active control techniques has also been studied [15] . Phase difference between the applied fields have important effect on synchronized systems. We have shown earlier that the phase difference among applied fields may be used to control chaos in Josephson junctions [16] . Time-delay has been studied experimentally in JJ transmission lines represented by a sequence of overdamped underbiased JJs [17] . The synchronous variation of all the bias currents causes a change in the time required for the pulses to pass through the line, and hence possible to provide a required time delay. In this work we chose bidirectionally coupled Josephson junctions with time-delay in coupling as a model for our studies. To our knowledge, bidirectionally coupled systems described by a second order differential equation with time-delay has not been studied for synchronization and phase effects. In section II, the model of the system is described and section III deals with the stability analysis. In section IV we study the effect of phase difference and frequency detuning on time delayed system. In section V we discuss the results and present a conclusion.
The Model
The normalized equation of a single Josephson junction as represented by the resistively and capacitively shunted (RCSJ) model is [18] 
where φ is order parameter phase difference, β = 1 R 2eicC is the damping parameter, i dc is the applied dc biasing and i 0 cos(ωt) is the applied rf-field. Eq.1 also models a driven nonlinear pendulum [19] and charge density waves with an ac torque and a sinusoidal driving field and has been studied extensively for chaotic dynamics [20] . The dynamical equations for two Josephson junctions with a time-delay in coupling can be given as
where τ 1 and τ 2 are the time delays applied and α s is the coupling term which takes into account of the contribution from the delay circuit. ∆Ω is the frequency detuning and θ is the phase difference among the applied fields. Phase synchronization has been studied in a similar system of chaotic rotators without time-delay [21] . In the present work we have considered the systems to be identical and Eq. (2) may be written in equivalent form aṡ
The parameter values are selected such that the system exhibits chaotic behavior and the value of the coupling strength is varied and fixed in the synchronization manifold.
Stability analysis
The analytical estimation of the condition for the stability of synchronization of coupled time-delay systems can be obtained in the framework of the Lyapunov-Krasovskii theory [22, 9] . The bidirectionally coupled equations with time-delay may be represented by Eq.( 3) and we take the detuning factor ∆Ω and the phase difference θ to be zero for doing the stability analysis.
Introducing δ and ∆ as δ = φ 1 (t−τ 2 )−φ 2 (t−τ 1 ) and ∆ = ψ 1 (t−τ 2 )−ψ 2 (t−τ 1 ) and making use of Eq. (3) we can writė 
where φ
and φ
. Following the Lyapunov-Krasovskii functional approach, we define a positive definite functional of the form
where µ is a positive parameter and τ =
. Lyapunov-Krasovskii theory for stability implies that ifV (t) is a negative quantity the origin of the system will be stable. We consider a simplified situation where τ 1 = τ 2 = τ and derive the condition for stability. Eq.(6) then gets modified as
Taking the derivative of Eq. (7) and substituting the value of∆ from Eq. (5) we get
where ∆ τ is ∆(t − τ ). The right-hand side of this equation is a negatively defined function of the variables ∆ and ∆ τ if +4µ(µ − β − 2α s ) < 0 or 2α s + β > µ which is the condition for stability of synchronization. µ is a positive quantity which is dependent on the nature of the function. The system will get synchronized depending on the values of α s and β and is independent of the time-delay.
Calculation of Lyapunov exponents is complicated in situations where timedelays are involved. The synchronized solution will be stable if the Lyapunov exponents transverse to the synchronization manifold is negative. Let the synchronous solution for the systems be φ 1 (t) = φ 2 (t) = φ(t) and ψ 1 (t) = ψ 2 (t) = ψ(t). The coupling terms containing the delay part drops out when Eq.3 is linearized about the synchronous state φ(t) and ψ(t) [23] . To study the stability of the synchronous solution we define new variables ∆φ(t) = φ 1 (t) − φ(t) and ∆ψ(t) = ψ 1 (t) − ψ(t). Linearizing Eq.3 transverse to the synchronization manifold, we find
and
where i=1,2 and J is the Jacobian matrix evaluated at ∆φ(t) and ∆ψ(t). Thus we have
Due to the delay in coupling the perturbations will not affect the coefficient matrix until t 1 ≥ τ. The Wronskian of the linearized system can be related to the trace of the matrix by Abel's formula
The Wronskian gives the phase space dynamics of the system. Taking the natural log of the Wronskian we get
This is a monotonically decreasing function of t which means that the phase space volume of the system perturbed from the synchronization manifold contracts as a function of time. The sum of the Lyapunov exponents is given as
where Φ is the matrix solution of Eqs. 9 and 10. The sum of the transverse Lyapunov exponents can be now approximated using Eq. 11 as
For sufficiently large integration times (i.e. t−t 1 ≥ τ ) the sum of the Lyapunov exponents would be negative. Thus the phase space of the coupled system shrinks to a trajectory representing the synchronous state.
To verify the results numerically we first consider the case without time delay. Considering the parameter values β = 0.25, i 0 = 0.7, Ω = 0.6, i dc = 0.3 where the system is chaotic, we find that for α s = 0.45 the system gets synchronized. Fig.1 shows the temporal dynamics of the two systems and it can be observed that the system is synchronized and chaotic.
Now we apply a time-delay τ in both directions and study its effect on the system dynamics and synchronization. It is observed that for small time delays (for τ up to 0.35) the system exhibits periodic synchronized motion. For the parameter values considered above τ = 0.35, the system dynamics changes to chaotic motion. 
Effect of phase difference and frequency detuning
The applied phase difference θ has an important role in taming chaos. Here we consider the effect of phase difference on time delayed systems. Using Eq. 3 in the definition for δ and ∆ we geṫ for a non-zero value for θ. It can be seen from Eq. (14) that in the absence of an applied phase difference θ, the system may be synchronized by suitably choosing the parameter values. However an applied phase difference desynchronizes the system.
In order to study the effect of phase difference on a system with delay in coupling we chose the synchronized region with the parameter values β = 0.15, i 0 = 0.75, Ω = 0.5, i dc = 0.3, α s = 0.25. We have chosen these parameter values as in this region a large time-delay is required to change the dynamics to a periodic motion. Fig. 4 shows that the system is chaotic and synchronized while Fig. 5 shows that an applied phase difference of θ = 0.1π desynchronizes the system . Now we study the effect of time-delay by keeping θ = 0 and even for τ = 0.5 the system is in chaotic motion for the parameter range considered above. Fig.6 shows that the system is chaotic and synchronized with time-delay applied. However now on the application of a phase difference θ = 0.1π along with the time-delay, the system goes to a periodic state. The time series plotted for the system variables is shown in fig. 7 and it can be seen that the system is periodic, but the amplitudes are scaled by a factor.
In practical situations it is difficult to apply a second frequency exactly same as the first. Small deviations in the applied frequencies are inevitable. So we consider the system with a small frequency detuning and the initial phase difference is taken to be zero. In order to investigate the difference in the dynamics brought about by frequency detuning we first check the case where ∆Ω = 0, i.e, the case without any detuning. Fig. 8 shows the temporal dynamics of the system considered with no detuning. Fig. 8(a) and (b) show the variables ψ 1 and ψ 1 + ψ 2 plotted against time. Fig. 8(c) shows the difference of the variable against time and it can be observed that the system is not perfectly synchronized. When a frequency detuning is applied, it can be observed that chaotic and periodic motion appear in regular intervals with a period T = 2π/∆Ω. Fig. 9 shows the system with ∆Ω = 0.003 and it can be seen that a periodic modulation has appeared due to detuning. From Fig.9 (a) it can be observed that chaotic and periodic motion appear in regular intervals. Here we observe that though the qualitative behavior is repeated, the trajectory of the system cannot be completely repeated due to the chaotic segments in the evolution process. This type of motion is referred to as breathers. The qualitative behavior of the system was not affected by time delays.
Result and Discussion
We have obtained the sufficient condition for stability of synchronization for a bidirectionally coupled JJ with a time-delay in coupling using the LyapunovKrasovskii method. The sum of the Lyapunov exponents transverse to the synchronization manifold is evaluated and it is found to be negative indicating the shrinking of phase space of the coupled system to a trajectory representing the synchronous state. By varying the time-delay we have analyzed the behavior of the system and it is observed that for small values of time delays periodic motion occurred and as the delay time is increased chaotic motion reappears. Application of phase difference among the applied fields which usually desynchronizes the system when applied along with some time-delay may bring the system to a periodic regime. The practical situation where a small frequency detuning will be present between the applied fields is also studied. As the frequency detuning is like a time dependent phase difference, periodic and chaotic motion is obtained with a period of T = 2π/∆Ω. Time-delay does not change the effect of frequency detuning. Experimentally it is possible to apply a required delay in JJ [17] . Hence by suitably adjusting the time-delay, chaos may be controlled in JJ devices like voltage standards, detectors, SQUIDS etc where chaotic instabilities are least desired. The effect of phase difference on SQUIDS is under investigation and the results would be published elsewhere. 
